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Invertible local transformations of a multipartite system 
are used to define equivalence classes in the set of entangled 
states. This classification concerns the entanglement prop- 
erties of a single copy of the state. Accordingly, we say that 
two states have the same kind of entanglement if both of them 
can be obtained from the other by means of local operations 
and classical communication (LOCC) with nonzero probabil- 
ity. When applied to pure states of a three-qubit system, 
this approach reveals the existence of two inequivalent kinds 
of genuine tripartite entanglement, for which the GHZ state 
and a W state appear as remarkable representatives. In par- 
ticular, we show that the W state retains maximally bipartite 
entanglement when any one of the three qubits is traced out. 
We generalize our results both to the case of higher dimen- 
sional subsystems and also to more than three subsystems, 
for all of which we show that, typically, two randomly chosen 
pure states cannot be converted into each other by means of 
LOCC, not even with a small probability of success. 
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I. INTRODUCTION 

The understanding of entanglement is at the very heart 
of Quantum Information Theory (QIT). In recent years, 
there has been an ongoing effort to characterize qualita- 
tively and quantitatively the entanglement properties of 
multiparticlc systems. A situation of particular interest 
in QIT consists of several parties that are spatially sep- 
arated from each other and share a composite system in 
an entangled state. This setting conditionates the parties 
— which are typically allowed to communicate through a 
classical channel — to only act locally on their subsys- 
tems. But even restricted to local operations assisted 
with classical communication (LOCC), the parties can 
still modify the entanglement properties of the system 
and in particular they can try to convert an entangled 
state into another. This possibility leads to natural ways 
of defining equivalence relations in the set of entangled 
states — where equivalent states are then said to contain 
the same kind of entanglement — , also of establishing hi- 
erarchies between the resulting classes. 

For instance, we could agree in identifying any two 
states which can be obtained from each other with cer- 
tainty by means of LOCC. Clearly, this criterion is in- 
teresting in QIT because the parties can use these two 
states indistintively for exactly the same tasks. It is a 
celebrated result that, when applied to many copies 
of a state, this criterion leads to identifying all bipar- 



tite pure-state entanglement with that of the EPR state 
l/v^GOO) + |11)) j|. That is, the entanglement of any 
pure state \ip)^g is asymptotically equivalent, under de- 
terministic LOCC, to that of the EPR state, the entropy 
of entanglement E(i/jab) — the entropy of the reduced 
density matrix of either system A or B — quantifying the 
amount of EPR entanglement contained asymptotically 
in |"0)as- I n contrast, recent contributions have shown 
that in systems shared by three or more parties there are 
several inequivalent forms of entanglement under asymp- 
totic LOCC |,|. 

This paper is essentially concerned with the entangle- 
ment properties of a single copy of a state, and thus 
asymptotic results do not apply here. For single copies it 
is known that two pure states \ip) and \(f>) can be obtained 
with certainty from each other by means of LOCC if and 
only if they are related by local unitaries LU ||Q . But 
even in the simplest bipartite systems, and \<j>) are 
typically not related by LU, and continuous parameters 
are needed to label all equivalence classes [|s|— p~0|| - That 
is, one has to deal with infinitely many kinds of entan- 
glement. In this context an alternative, simpler classifi- 
cation would be advisable. 

One such classification is possible if we just demand 
that the conversion of the states is through stochastic lo- 
cal operations and classical communication (SLOCC) [Q ; 
that is, through LOCC but without imposing that it has 
to be achieved with certainty. In that case we can estab- 
lish an equivalence relation stating that two states \ip) 
and \4>) are equivalent if the parties have a non- vanishing 
probability of success when trying to convert \tp) into \<j)), 
and also \<f>) into (ll). This relation has been termed 
stochastic equivalence in Ref. [Q. Their equivalence un- 
der SLOCC indicates that both states are again suited to 
implement the same tasks of QIT, although this time the 
probability of a successful performance of the task may 
differ from \cf>) to \ip). Notice in addition that since LU 
are a particular case of SLOCC, states equivalent under 
LU are also equivalent under SLOCC, the new classifica- 
tion being a coarse graining of the previous one. 

The main aim of this work is to identify and character- 
ize all possible kinds of pure-state entanglement of three 
qubits under SLOCC. Unentangled states, and also those 
which are product in one party while entangled with re- 
spect to the remaining two, appear as expected, trivial 
cases. More surprising is the fact that there are two dif- 
ferent kinds of genuine tripartite entanglement. Indeed, 
we will show that any (non-trivial) tripartite entangled 
state can be converted, by means of SLOCC, into one of 
two standard forms, namely either the GHZ state p2| 
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|GFZ) = 1/V2(|000) + |111)), (1) 

or else a second state 

\W) = 1/V3(|001) + |010) + |10Q», (2) 

and that this splits the set of genuinely trifold entangled 
states into two sets which are unrelated under LOCC. 
That is, we will see that if \ip) can be converted into the 
state \GHZ) in ([!]) and \<j>) can be converted into the 
state \ W) in (0), then it is not possible to transform, not 
even with only a very small probability of success, \ip) 
into \4>) nor the other way round. 

The previous result is based on the fact that, unlike the 
GHZ state, not all entangled states of three qubits can 
be expressed as a linear combination of only two prod- 
uct states. Remarkably enough, the inequivalence under 
SLOCC of the states \GHZ) and \W) can alternatively 
be shown from the fact that the 3-tangle (residual tan- 
gle), a measure of tripartite correlations introduced by 
Coffman et. al. Jl3| , does not increase on average under 
LOCC, as we will prove here. 

We will then move to the second main goal of this 
work, namely the analysis of the state \W). It can not 
be obtained from a state \GHZ) by means of LOCC and 
thus one could expect, in principle, that it has some in- 
teresting, characteristic properties. Recall that in several 
aspects the GHZ state can be regarded as the maximally 
entangled state of three qubits. However, if one of the 
three qubits is traced out, the remaining state is com- 
pletely unentangled. Thus, the entanglement properties 
of the state \GHZ) are very fragile under particle losses. 
We will prove that, oppositely, the entanglement of \W) 
is maximally robust under disposal of any one of the three 
qubits, in the sense that the remaining reduced density 
matrices^ pab , Pbc and pac retain, according to several 
criteria, the greatest possible amount of entanglement, 
compared to any other state of three qubits, either pure 
or mixed. 

We will finally analyze entanglement under SLOCC in 
more general multipartite systems. We will show that, 
for most of these systems, there is typically no chance at 
all to transform locally a given state into some other if 
they are chosen randomly, because the space of entangled 
pure states depends on more parameters than those that 
can be modified by acting locally on the subsystems. 

The paper is organized as follows. In section II we 
characterize mathematically the equivalence relation es- 
tablished by stochastic conversions under LOCC, and il- 
lustrate its performance by applying it to the well-known 
bipartite case. In section III we move to consider a sys- 
tem of three qubits, for which we prove the existence 
of 6 classes of states under SLOCC — including the 2 



x The reduced density matrix pab of a pure tripartite state 
|V>> is denned as p A B = tr c (WW)- 



genuinely tripartite ones — . Section IV is devoted to 
study the endurance of the entanglement of the state 
\W) against particle losses. In section V more general 
multipartite systems are considered. Section VI contains 
some conclusions. Finally, appendix A to C prove, re- 
spectively, some needed results related to SLOCC, the 
monotonicity of the 3-tangle under LOCC and the fact 
that \W) retains optimally bipartite entanglement when 
one qubit is traced out. 

II. KINDS OF ENTANGLEMENT UNDER 
STOCHASTIC LOCC 

In this work we define as equivalent the entanglement 
of two states \ifj) and \(f>) of a multipartite system iff lo- 
cal protocols exist that allow the parties to convert each 
of the two states into the other one with some a priori 
probability of success. In this approach, we follow the 
definition for stochastic equivalence as given in The 
underlying motivation for this definition is that, if the 
entanglement of is \ip) and |</>) is equivalent, then the two 
states can be used to perform the same tasks, although 
the probability of a successful performance of the task 
may depend on the state that is being used. 

A. Invertible local operators 

Sensible enough, this classification would remain use- 
less if in practice we would not be able to find out which 
states are related by SLOCC. Let us recall that, all in 
all, no practical criterion is known so far that determines 
whether a generic transformation can be implemented 
by means of LOCC. However, we can think of any lo- 
cal protocol as a series of rounds of operations, where in 
each round a given party manipulates locally its subsys- 
tem and communicates classically the result of its opera- 
tion (if it included a measurement) to the rest of parties. 
Subsequent operations can be made dependent on previ- 
ous results and the protocol splits into several branches. 
This picture is useful because for our purposes we need 
only focus on one of these branches. Suppose that state 
\ip) can be locally converted into state \(f>) with non-zero 
probability. This means that at least one branch of the 
protocol does the job. Since we are concerned only with 
pure states we can always characterize mathematically 
this branch as an operator which factors out as the ten- 
sor product of a local operator for each party. For in- 
stance, in a three-qubit case we would have that can 
be locally converted into \(f>) with some finite probability 
iff an operator A (£> B ® C exists such that 



2 Stochastic transformations under LOCC had been previ- 
ously analyzed in Jl~4| , |l5| ], 
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A®B® C\ij>), 



(3) transforms (||) into a maximally entangled state 



where operator A contains contributions coming from 
any round in which party A acted on its subsystem, and 
similarly for operators B and C 0. Carrying on with the 
3-qubit example, let us now consider for simplicity that 
both states \ip) and \<f>) have rank 2 reduced density ma- 
trices pa = t r sc(|V')(V , l)i Pb and pc- Then clearly the 
rank of operators A, B and C need to be 2 (see appendix 
A) . In other words, each of these operators is necessarily 
invertible, and in particular 



IV') = A- 



B~ 



(4) 



We see thus that, under the assumption of maximal rank 
for the reduced density matrices, two-way convertibility 
implies the existence of invertible operators A, B and 
C as in (||) [actually, one-way convertibility alone has 
already implied that an invertible local operator (ILO) 
A (g) B (g) C exists]. Obviously, the converse also holds, 
namely that if an ILO A ® B ® C exists then for each 
direction of the conversion a local protocol can be build 
that succeeds with non-zero probability. As explained 
in appendix A in detail, we can get rid of the previous 
assumption on the ranks and announce with generality, 
Result: States \tp) and \<f>) are equivalent under 
stochastic local operations and classical communication 
— SLOCC — iff an invertible local operator — ILO — re- 
lating them [as in, for instance, equation (0)] exists. 



=Y\i) 



(7) 



which depends only on the Schmidt number n^,. Since 
SLOCC cannot modify the rank of the reduced density 
matrices pa and pb, which is given by n,/,, we conclude 
that ind n ®(P m , n < m, there are n different kinds of en- 
tangled states, corresponding to n different classes under 
SLOCC. Each of these classes is characterized by a given 
Schmidt number, and we can choose as their represen- 
tatives the state (Q) with — 1, ...,n. Clearly n^, = 1 
corresponds to states that are less entangled than the rest 
(they are, after all, unentangled). This hierarchical rela- 
tion can be extended to the rest of classes by noting that 
none-invertible local operators can project out some of 
the Schmidt terms and thus diminish the Schmidt num- 
ber of a state. Therefore the state can be locally 
converted into the state |</>) with some finite probability 
iff n^p > n<p, or in terms of kinds of entanglement, we can 
say that the entanglement of the class characterized by 
a given Schmidt number is more powerful than that of a 
class with a smaller Schmidt number. 

For later reference we also note that in a two-qubit 
system, TL =GJ 2 <X)(F 2 , we can write any state, after using 
a convenient LU, uniquely as 

\f) =c s |0)® \0) + s s c s >s s >0, (8) 



B. Bipartite entanglement under SLOCC 

What does this classification implies in the well-known 
case Jl4|-p^[ of bipartite systems? Since LU are included 
in SLOCC, we can take the Schmidt decomposition of a 
pure state \ip) G(F" ®(T m , n < m, as the starting point 
for our analysis. Thus, 



f \ i \i) ® \i) =U A ®U E 



A l > 0, «0 < n, (5) 



where U a and U b are some proper local unitaries, the co- 
efficients Xi decrease with i, and n^p is the number of non- 
vanishing terms in the Schmidt decomposition. Clearly, 
the ILO 



where cs,ss stand for cosS and sin<5. This is either a 
product (unentangled) state \i/>a-b) — |0)<£>|0) for c$ = 1 
or else an entangled state that can be converted into the 
EPR state, 



i(|0>®|0) + |l>®|l», 



(9) 



with probability p = E2(ip), where ^(VO = ^2 is the 
entanglement monotone that provides a quantitative de- 
scription of the non-local resources contained in a single 
copy of a two-qubit pure state ]l7[ . Any state \tp) can be 
obtained from state (|^) with certainty, this contributing 
to the fact that the EPR state is considered the maxi- 
mally entangled state of two qubits. 



f-< VA 



+ 



(6) 



3 In practice the constraints A' A, B* B, C^C < 1 should be 
fulfilled if the invertible operators A, B, C are to come from 
local POVMs. In this work we do not normalize them in order 
to avoid introducing unimportant constants to the equations. 
Instead, both the initial and final states are normalized. 



III. ENTANGLEMENT OF PURE STATES OF 
THREE QUBITS 

In this section we analyze a system of three qubits. 
We show that SLOCC split the set of pure states into 6 
inequivalent classes, which further structure themselves 
into a three-grade hierarchy when non-invertible local op- 
erations are used to relate them. At the top of the hierar- 
chy we find two inequivalent classes of true tripartite en- 
tanglement, which we name GHZ-class and W-class after 
our choice of corresponding representatives. The three 



3 



possible classes of bipartite entanglement are accessible 
(with some non-vanishing probability) from any state of 
the W and GHZ classes by means of a non-invertible lo- 
cal operator. Finally, at the bottom of the hierarchy we 
find non-entangled states. 

The ranks t(pa), r(ps) and r(pc) of the reduced den- 
sity matrices, together with the range R{pbc) of Pbc, 
will be the main mathematical tools used through the 
first part of this section. By analysing them we will be 
able to make an exhaustive classification of three-qubit 
entanglement. Later on we will rephrase some of these re- 
sults in terms of well-known measures of entanglement. 
In particular, we will see that the existence of two in- 
equivalent kinds of true tripartite entanglement under 
SLOCC is very much related to the fact that the 3-tangle, 
a measure of tripartite entanglement introduced in p3[ , 
is an entanglement monotone (see appendix B). 

At the end of the section also a practical way to identify 
the class an arbitrary state belongs to will be discussed. 

A. Non-entangled states and bipartite entanglement. 

If at least one of the local ranks t(pa), r(ps) or r(pc) 
is 1, then the pure state of the three qubits factors out 
as the tensor product of two pure states, and this im- 
plies that at least one of the qubits is uncorrelated with 
the other two. SLOCC distinguish states with this fea- 
ture depending on which qubits are uncorrelated from 
the rest. 

Class A-B-C (product states) 

This class corresponds to states with t(pa) — r(p E ) = 
r(pc) = 1- They can be taken, after using some conve- 
nient LU, into the form 

Wa-b-c) = 10)10)10), (10) 

where we have already relaxed the notation for |0) ® |0) ® 
|0). 

Classes A-BC, AB-C and C-AB 
(bipartite entanglement) 

These three classes of states contain only bipartite en- 
tanglement between two of the qubits, one of the re- 
duced density matrices having rank 1 and the other 
two having rank 2. For example, the states in class 
A — BC possess entanglement between the systems B 
and C (t{pb) = r(pc) = 2) and are product with respect 
to system A {t(pa) = 1)- LU allow us to write uniquely 
states of the class A — BC as 

|^A-BC> = |0>(Cff|0>10> + «,|1>|1», c s >s s >0, (11) 

and similary for \ipB-Ac) and \ipc-AB)- We choose the 
maximally entangled state 

-4|0)(|0)|0) + |1)|1)) (12) 



as representative of the class A — BC. Any other state 
within this class can be obtained from ( |l2] ) with certainty 
by means of LOCC. 

The proof that these four marginal classes arc inequiv- 
alent under SLOCC is very simple. We only need to 
recall that the local ranks are invariant under ILO (see 
appendix A). In what follows we will analyze the more 
interesting case of r(p K ) — 2, k = A,B, C. To see that 
there are two inequivalcnt classes fulfilling this condition 
we will have to study possible product decompositions of 
pure states. 

B. True three-qubit entanglement. 

There turns out to be a close connection between con- 
vertibility under SLOCC and the way entangled states 
can be expressed minimally as a linear combination of 
product states. For instance, as we shall prove later 
on, the GHZ and W states have a different number of 
terms in their minimal product decompositions (|l|) and 
(||), namely 2 and 3 product terms respectively, and this 
readily implies that there is no way to convert one state 
into the other by means of an ILO A ® B ® C. Indeed, 
let us consider, e.g., the most general pure state that can 
be obtained reversibly from a \GHZ). It reads 

A®B®C\GHZ) = ^={\AQ)\BQ)\CQ) + \Al)\Bl)\Cl)), 

(13) 

where |A0) and \A\) are linearly independent vectors 
(since A is invertible) and similarly for the other two 
qubits. That is, the minimal number of terms in a prod- 
uct decomposition for the state ( |l3| ) is also 2. Actually, 
we have that also for a general multipartite system, 

Observation: The minimal number of product terms 
for any given state remains unchanged under SLOCC. 

This simple observation tells us already that in three 
qubits there are at least two inequivalent kinds of genuine 
tripartite entanglement under SLOCC, that of \GHZ) 
and that of \W). 

However, we still have to prove that the state \W) 
cannot be expressed as a linear combination of just two 
product vectors. In order to complete our classification 
we also have to show that any pure state of three qubits 
with maximal local ranks can be reversibly converted into 
either the state \GHZ) or the state \W). We start with 
an obvious lemma regarding product decompositions: 

Lemma: Let J2\=i \ e i)\fi) De a product decomposi- 
tion for the state \rf) S He <8> Ti-F- Then the set of states 
{|ei)}' = i span the range of p E =Tr F \rj)(ri\. 

Proof: We have that p E = J2i,j=i (fi\fj) \ e j){ e i\- 
On the other hand \v) is in the range of p E iff a 
state \p) exists such that \v) = pe\p), that is \v) — 

J2i,j = l(fi\f])( e i\^)\ e j)- 1=1 
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In particular, r(pA) = 2 implies that at least two prod- 
uct terms are needed to expand \ip) £@ 2 ®(F 2 ®@ 2 . Let 
us suppose that a product decomposition with only two 
terms is possible, namely 

\^) = \a l )\b 1 )\c 1 ) + \a 2 )\b 2 )\c 2 ). (14) 

Then, also according to the previous lemma, |&i)|ci) and 
\b 2 ) \c 2 ) have to span the range of pbc-, R(pbc)- 

But R(psc) is a two dimensional subspace of(T 2 ®QJ 2 . 
Therefore it always contains either only one or only 
two product states |]l8| [unless R(psc) was supported 
in(F (giCF 2 orCF 2 Cgid", but we already excluded this pos- 
sibility because we are considering r(p^) = r (pc) = 2]. 
Notice that a two-term decomposition (|14[ ) requires that 
R(pbc) contains at least two product vectors. Only one 
product vector in K(pbc), and thus the impossibility of 
decomposition jl4]), is going to be precisely the trait of 
the states in the W-class. 

GHZ-class 

Let us suppose first that R(psc) contains two product 
vectors, |6i)|ci) and l^)^)- Then decomposition ( pT[ ) is 
possible, and actually unique, with |a^} = i = 1, 2, 

where are the two vectors supported in R(pbc) that 
are biorthonormal to the \bi) \ci). In this case we can use 
LU in order to take into the useful standard product 
form (see also fl9| ) 

\^ghz) = VK(c s \0)\0)\0)+s s e^\ip A )\ip B )\ipc)), (15) 
where 

Wa) = Cq.|0) + s a \l) 
\<Pb) =c \O)+s \1) 

\tpc) =c 7 |0)+s 7 |l) (16) 

and K = (1 + 2csssc a cpc- y c ip )^ 1 € (1/2, 00) is a normal- 
ization factor. The ranges for the five parameters are 
6 £ (0, tt/4], a, /3, 7 S (0, tt/2] and <p £ [0, 2tt). 

All these states are in the same equivalence class as 
the \GHZ) (|) under SLOCC. Indeed, the ILO 

applied to \GHZ) produces the state (p"5|). 

The GHZ state is a remarkable representative of this 
class. It is maximally entangled in several senses [ po| . 
For instance, it maximally violates Bell-type inequali- 
ties, the mutual information of measurement outcomes 
is maximal, it is maximally stable against (white) noise 
and one can locally obtain from a GHZ state with unit 
propability an EPR state shared between any two of the 
three parties. Another relevant feature is that when any 
one of the three qubits is traced out, the remaining two 
are in a separable — and therefore unentangled — state. 



W-class 

Let us move to analyze the case where R(pbc) contains 
only one product vector. We already argued that de- 
composition ( ITi]) is now not possible. Instead we can 
(uniquely) write 

\i>) = \a 1 )\b 1 )\c 1 ) + \a 2 )\<l>Bc), (18) 

where \4>bc) is the vector of R(pbc) which is orthogonal 
to |&i)|ci), and \cii) and \a 2 ) are given by (&i|(ci|'0) and 
(4>bc\'4')- By means of LU (|Tg| ) can be always rewritten 
as 

|^) = (v / ^|l) + v / d|0))|00) 

+|0)(V5|01) + V6|10)). (19) 

Indeed, we first take |6i)|ci) into |0)|0). Then, since 
|0bc) has been chosen orthogonal to |&i)|ci), it must 
become x\01) + y\10) + ^|11). By requiring that a linear 
combination of these two vectors has no second product 
vector we obtain that z = [^l| . In addittion the coeffi- 
cients -y/a = x, \fb = y, ^fc and \fd can be made positive 
by absorbing the three relative phases into the definition 
of state |1) of subsystems A, B and C. Thus case (i) has 
been taken into the form ( |l9| ) by just using LU. Before 
we showed that 2 terms could not suffice in a product 
decomposition of the state. Now we see that 3 product 
terms always do the job, for instance (y^ll) + v / d|0))|00), 
Va\0)\01) and V6|0)|10) once we took the original state 
into the standard, unique form 

\^ w ) = VojOOl) + V6|010) + Vc| 100) + Vd|000), (20) 

where a,b,c> 0, and d = 1 — (a + b + c) > 0. 

The parties can locally obtain the state (^) from the 
state \W) in (||), which we choose as a representative of 
the class — and whose study we postpone for later on — , 
by application of an ILO of the form 

Before moving to relate these classes by means of non- 
invertible local operators, we note that states within the 
GHZ-class and the W-class depend, respectively, on 5 and 
3 parameters that cannot be changed by means of LU. 
Previous works ||f7|,[l9]||] have shown that a generic state 
of three qubits depends, up to LU, on 5 parameters. This 
means that states tipically belong to the GHZ-class, or 
equivalently, that a generic pure state of three qubits can 
be locally transformed into a GHZ with finite probability 
of success (see also |2^] ) . The W-class is of zero measure 
compared to the GHZ-class. This does not mean, how- 
ever, that it is irrelevant. In a similar way as separable 
mixed states are not of zero measure with respect to en- 
tangled states, even though product states are, it is in 
principle conceivable that mixed states having only W- 
class entanglement are also not of zero measure in the set 
of mixed states. 
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C. Relating SLOCC— classes by means of 
non— invertible operators 

In this subsection, we investigate the hierarchical re- 
lation of the 6 SLOCC-equivalence classes under non- 
invertible operators, i.e. under general LOCC. 

A non-invertible local operator transforms \ip) into 
\4>) according to (||), but with at least one of the lo- 
cal operators A, B and C having rank 1. This means 
that the local ranks of the pure states can be dimin- 
ished. For instance, if the initial state belongs ei- 
ther to the GHZ or W class, then a non-invertible oper- 
ator will diminish at least one of the local ranks. That 
is, \4>) belongs necessarily to one of the bipartite classes 
k — pv (k 7^ /i 7^ v € {A, B, C}) or else is a product state 
A — B — C. 

Thus we have that the classes GHZ and W are also 
incquivalcnt even under most general LOCC, whereas e.g. 
a measurement of the projector P = |+)(+| with |+) = 
l/\/2(|0) in party A maps states within the classes 

W © and GHZ © to states within the class A — BC. 
In a similar way, non-invertible local operators (local, 
standard measurements) can convert states within one 
of the classes n — p,v to states within the class A — B — 
C . Note that in all cases described above, the inverse 
transformations, e.g. from the class A — B — C to one of 
the classes k — pv are impossible as they would imply an 
increase of the rank of at least one of the reduced density 
operators pA, Pb, Pc- These results are summarized in 
Fig. 

D. Measures of entanglement and classes under 
SLOCC 

Several measures have been introduced so far in the 
literature in order to quantify entanglement. Although 
this section is mainly concerned with qualitative aspects 
of multipartite quantum correlations, we would like to re- 
late some of these measures, namely some bipartite ones 
and the tripartite 3-tangle |]|(see appendix B), to our 
classification. Remarkably, the existence of two kinds of 
genuine tripartite entanglement in a three-qubit system, 
as well as the inequivalence between bipartite and tri- 
partite entanglement, can be easily understood from the 
non-increasing character of these measures under LOCC. 
In addittion, the 3-tangle allows for a systematic and 
practical identification of which class under SLOCC any 
pure state belongs to. 

For each n — A, B and C we can regard the three-qubit 
system as a bipartite system, with qubit k, say A for con- 
creteness, being one part of the system and the remaining 
two qubits, B and C, being the other. Correspondingly, 
a state of the three qubits can be viewed as a bipar- 
tite state \ipA(BC))- For bipartite states several measures 
are known, which are entanglement monotones 0]; that 
is, which cannot be increased, on average, under LOCC. 



For instance, we already mentioned the entropy of entan- 
glement E(iJ)) for asymptotic conversions -given by the 
entropy Sa of the eigenvalues of pa — and the monotone 
E^i/j) for the single copy case — which is given by the 
smallest eigenvalue A2 of pa- They all satisfy that van- 
ish for product states (corresponding to pa with rank 1) 
while having a positive value for any other state (cor- 
responding to pa with rank 2). Thus we can interpret 
the inequivalence under SLOCC of states whose reduced 
density matrices differ in rank also in terms of the im- 
possibility of creating any of the bipartite measures. For 
instance, a state in the A — BC class has Sa = 0, and 
thus cannot be transformed with any finite probability 
into a state of the AB — C class, because this would have 
Sa > 0. We conclude that the monotonicity of these mea- 
sures readily split the set of pure states of three qubits 
into five subsets which are inequivalent under SLOCC, 
namely unentagled states A — B — C, the three classes 
A — BC, AB — C and C — AB containing only bipar- 
tite entanglement, and a fifth subset of entangled states 
with S A ,S B ,Sc ^ (i.e. t( Pa ) =r(p B ) =r(p c ) = 2). 
Bipartite measures cannot, however, determine the in- 
equivalence of the GHZ and W classes. 

Is there any known measure of tripartite entanglement 
which can distinguish between these two classes? The 3- 
tanglc does. Indeed, it can be computed from the product 
decompositions ( |l5| ) and ( |20| ) (see |l| for details), and 
reads 

t^ghz) = (2K Sa s p s 7 sscs) 2 ^ (22) 

for any state in the GHZ class, while it vanishes for any 
state in the W class. In the appendix B we prove that 
the 3-tangle is an entanglement monotone, a very de- 
sirable property for any quantity aiming at measuring 
entanglement. Consequently, a state in the W class can- 
not be transformed by means of LOCC (and in particular 
SLOCC) to a state in the GHZ class, which is an indepen- 
dent proof of the fact that the two kinds of true tripartite 
entanglement are indeed inequivalent under SLOCC. 

E. Practical identification 

Given an arbitrary state of three qubits, expressed 
in any basis, it may be interesting to know, for instance, 
whether it can be converted by means of LOCC into a 
GHZ or a W state, if any, or into a EPR state shared be- 
tween two of the parties. In our original analysis of the 
classes we already have provided a constructive method, 
based on the analysis of r(p K ) and H(pbc), to determine 
the class of \ip) under SLOCC. Analysing the R(pbc) 
may, however, not be the most practical way to proceed. 
Here we suggest to proceed instead according to the fol- 
lowing two steps: 

• compute p K , k ~ A, B and C, and check whether 
they have a vanishing determinant, [note that 
detp K = o S K = &r(p K ) = 1] 
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• If none of the previous determinants vanish [that is, 
\ip) has true tripartite entanglement], then compute 
the 3-tangle using the recipe introduced in Jl3|. 

Then Table I, which sumarizes the relation between 
classes under SLOCC and measures of entanglement, can 
be used to catalogue state \ip). 



IV. STATE \W) AND RESIDUAL BIPARTITE 
ENTANGLEMENT. 



the average entanglement of formation, that is the choice 
£(p) = Ef(p), where Ef(p) Q is the minimal amount of bi- 
partite pure-state entanglement [as quantified by means 
of the entropy of entanglement] required to prepare lo- 
cally one single copy of the state p p5| . 

In addition, we have managed to show analytically 
(see appendix C) for the particular choice £ (p) — C(p) 2 , 
where C(p) is the concurrence (for a definition of the con- 
currence see e.g L the state \ W) reaches the maximal 
average value C 2 (W) = 4/9, which no other state can 
match. 



As mentioned in the previous section, in several as- 
pects the state \GHZ) is the maximally entangled state 
of three qubits. It also has the feature that when one 
of the qubits is traced out, then the remaining two are 
completely unentangled. This means, in particular, that 
if one of the three parties sharing the system decides not 
to cooperate with the other two, then they can not use 
at all the entanglement resources of the state. The same 
happens if for some reason the information about one 
of the qubits — namely the identity of the corresponding 
states |0) and |1) in (0) — is lost. 

Here we would like to investigate the robustness of the 
entanglement of a three-qubit state \ip) against disposal 
of one of the qubits p3[ . The residual, two-qubit states 
Pab, Pac an d Pbc are in general mixed states. There 
are several measures of entanglement of mixed states and 
therefore multiple ways of quantifying how much (mixed- 
state) bipartite entanglement the state |^) turns into 
when one of the qubits is traced out. Nevertheless, most 
of the criteria we have examined coincide in pointing out 
the state | W) as the one that maximally retains bipartite 
entanglement. Note that the reduced density matrix of 
\W) is identical for any two subsystems and is e.g. given 
by 

p AB = !*+)<¥+| + |]00><001, (23) 

with |*+) = l/v^dOl) + 1 10)) being a maximally entan- 
gled state of two qubits. Note that one can obtain from 
a single copy of ( p3| ) a state which is arbitrarily close to 
the state \^ + ) by means of a filtering measurement p4| . 

A. Average residual entanglement 

Let us consider first which is the amount of bipartite 
entanglement, according to some measure £(p), that the 
two remaining qubits retain on average when a third one 
is traced out, that is, 

E{tl>) = 1 -(£{ P ab) + £{pac) + £(pbc))- (24) 

In general, computing the amount of entanglement £{p) 
for bipartite mixed states is a difficult problem. How- 
ever numerical results have shown that \W) maximizes 



B. Least entangled pair 

Another way of quantifying how resistent the entan- 
glement of a tripartite state is to dismissal of one 
part of the system consists in looking at the least entan- 
gled of the three possible remaining parts, namely at the 
function 

£min(*P) = mm(£(p AB ),£(p AC ),£(p BC )). (25) 

For this "worst case scenario" we have been able to prove 
analytically (see appendix C) that the maximal value 
of ^min(V') is obtained by the state |H^) for any bipar- 
tite measure £ (p) which is monotonic with the concur- 
rence, C(p), such as the entanglement of formation Ef(p) 
and the monotone E 2 (p) ^, which denotes the minimal 
amount of bipartite pure-state entanglement [quantified 
by means of E^ip)] required to prepare locally one single 
copy of the state p. 

We conclude that the state \W) is the state of three- 
qubits whose entanglement has the highest degree of en- 
durance against loss of one of the three qubits. We con- 
ceive this property as important in any situation where 
one of the three parties sharing the system, say Alice, 
may suddenly decide not to cooperate with the other 
two. Notice that even in the case that Alice would de- 
cide to try to destroy the entanglement between Bob and 
Claire, this would not be possible, since any local action 
on A cannot prevent Bob and Claire from sharing, at 
least, the entanglement contained in p B c (for instance, 
by simply ignoring Alice's actions). Therefore, although 
essentially tripartite, the entanglement of the state \W) 
is also readily bipartite, in contrast to that of the state 
\GHZ) 1 which only after some local manipulation can be 
brought into a bipartite form. 



4 The entanglement of formation is given by Ef(p) = + 
iyT -C 2 ), where C is the concurrence and h is the binary 
entropy function h(x) — — xlog 2 x — (1 — s)log 2 (l — x). 

5 The entanglement monotone E2, expressed in terms of the 
concurrence C is given by i?2(p) ~ \ ~ \yl—C?- 



7 



V. GENERALIZATION TO N PARTIES 

In this last section we would like to apply the same 
techniques to analyze the entanglement of more general 
multipartite systems. We will learn that the set of en- 
tangled states is a rather inaccessible jungle for the local 
explorer, for two pure states \ip) and \4>) are typically 
not connected by means of LOCC, so that the parties 
are usually unable to convert states locally. We will also 
study generalizations to N qubits of the state \W). 

A. Local inaccessibility of states in general 
multipartite systems 

Let us consider first N parties each possessing a qubit. 
The Hilbert space of the system is 

n (N) = qi 2 ®ff 2 ® ... ®ff 2 , (26) 

N 

and therefore up to a global, physically irrelevant com- 
plex constant, a generic vector depends on 2(2 N — 1) 
real parameters. On the other hand we want to identify 
vectors which are related by means of a ILO. A general 
one-party, invertible operator A must have non- vanishing 
determinant, which we can fix to one, det^l = 1, because 
the operator kA only differs in that it introduces in the 
transformed states an extra constant factor k e(T, which 
we have already addressed. That is, A € SL2(@), and 
it depends on 6 real parameters. Therefore the set of 
equivalence classes under SLOCC, 

(27) 

SL 2 ((F) x SL 2 {(E) x ... x SL 2 ((P) ' v ' 

" v ' 

N 

depends at leaston 2(2^ — 1)— 67V parameters. This lower 
bound allows for a finite number of classes for N = 3, but 
shows that for any larger number N of qubits there are 
infinitely many classes, labeled by at least one continuous 
parameter. The reason is that the number of parameters 
from a state which the parties can modify by means 
of a general ILO A (g> B <g> ... <g) N grows linearly with 
TV (6N for the multi-qubit case), whereas the number of 
parameters required to specify \ip) grows exponentially 
with N. 

More generally, if the Hilbert space is given by H = 
d ni Cg) ... ®(2 mjv , then the set of equivalence classes under 
SLOCC, 

(T" 1 g ... (gig*"" 
SL ni @)x...xSL nN @)' [ ' 

depends at least on 2{n\n2--.n^ — 1) — Zj^iLii 71 ! ~ !))■ 
This shows that only for N = 3 there are still some sys- 
tems with (potentially) only a finite number of classe un- 
der SLOCC, namely those with Hilbert spaceff 2 Off™ 2 



(J™ 3 , that is, having a qubit as at least one of the subsys- 
tems. In all other cases, one finds an infinite number of 
classes. 

We notice that even allowing for non-invertible local 
operations the amount of parameters that can be changed 
by local manipulations is typically smaller than that the 
state depends on. That is, the subset of states that can be 
reached locally from a given state \tp) is of zero measure 
in the set of states of the multipartite system. Recall that 
in the bipartite scenario, H = GJ n (S)d m , there is always 
a maximally entangled state from which all the other 
states can be locally prepared with certainty of success. 
We see now that, in constrast, there is typically in a mul- 
tipartite system no state from which all the others can 
be prepared, not even with some probability of success. 
Of course, the parties can always resort to, say, using a 
sufficient amount of EPR states distributed among them 
to prepare any multipartite state by standard teleporta- 
tion. This implies, however, using an initial state (that 
of many EPR states) which belongs to a Hilbert space 
much larger than the Hilbert space of the state the par- 
ties are trying to create, and thus does not change the 
previous conclusion. 

B. State \W) in multi-qubit systems 

Let us have a look at the generalized form \Wn) of the 
state \W) (|f). We define the state 

\W n ) = 1/VN\N-1,1), (29) 

where \N — 1, 1) denotes the totally symmetric state in- 
cluding N — 1 zeros and 1 ones. For example, we obtain 
for N = 4 

\W 4 ) = 1/V4(|0001) + |0010) + |0100) + |1000)). (30) 

One immediately observes that the entanglement of this 
state is again very robust against particle losses, i.e. the 
state \Wn) remains entangled even if any N — 2 parties 
lose the information about their particle. This means 
that any two out of N parties possess an entangled state, 
independently of whether the remaining (TV — 2) parties 
decide to cooperate with them or not. This can be seen 
by computing the reduced density operator pab of |Wat)j 
i.e. by tracing out all but the first and the second sys- 
tems. By symmetry of the state |H^v), we have that all 
reduced density operators p KfM are identical and we obtain 

p Ktl = i(2|*+><*+| + (N - 2)|00) (00|). (31) 

The concurrence can easily determined to be 

C^{W N ) = A (32) 

which shows that p Kfl is entangled, even distillable. We 
conjecture that the average value of the square of the 
concurrence for |Wjv), 
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N(N 



2 nEE^)4- 



(33) 



is again the maximal value achievable for any state of N 
qubits. 



VI. SUMMARY AND CONCLUSIONS 

In this work, we investigated equivalence classes of 
multipartite states specified by stochastic local opera- 
tions and classical communication. We showed that for 
pure states of three qubits there are 6 different classes of 
this kind. In particular, we found that there are two in- 
equivalent types of genuine tripartite entanglement, rep- 
resented by the GHZ state and the state W. We showed 
that the state W is the state of three qubits that retains 
a maximal amount of bipartite entanglement when any 
one of the three qubits is traced out. For multipartite 
(N > 4) and multilevel systems, we showed that there 
exist infinitely many inequivalent kinds of entanglement 
(i.e. classes under SLOCC). 
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APPENDIX A: SLOCC AND LOCAL RANKS 

In this appendix we show that states and \<fi) be- 
long to the same class under SLOCC iff they are related 
by means of a invertible local operator (ILO). From this 
connection it follows easily that the local ranks of a pure 
state, r(p K ), k = A,B,..., are invariant under SLOCC, 
whereas under LOCC they can only decrease. 

Lemma: If the bipartite vectors \ip) and \<p) € (U n (gCT" 
fulfill 



(34) 



then the ranks of the corresponding reduced density ma- 
trices satisfy r(p^) > i(p A ) and r(p%) >i(pg). 

Proof: We consider the Schmidt decomposition of |-0) , 



\^)=J2V X i^' X t >0 > <min(n,m), (35) 



A = J2 



Hi 



(36) 



where \pi) € d n do not need to be normalized nor linearly 
independent. Then we have that p\ = ^™=i NX* I an< ^ 
p A = Ap\A* = YZi IwXwI. so that x{p A ) < n*. The 
second inequality of the Lemma follows from the fact that 
for any bipartite vector t(pa) — r (ps)- n 

Corollary: If the vectors | ip) , 1 4>) £H.a®'Hb®---®'Hn 
are connected by a local operator as \<f>) — A (g B (g 
... <g N\ip), then the local ranks satisfy r(pf) > r(p^), 
k = A,B, ...,N. 

Proof: Indeed, for each of the parties, say Alice for 
concreteness, we can view the operator A (g B (g ... ® N 
as the composition of two local operators, A(g> 1 b,,,n an d 
I a® (-B® N), and the Hilbert space as Ha ®T~Ib...n- 
Then, because of the previous lemma, application of the 
first operator cannot increase t(pa), and the same hap- 
pens with the second operator, which cannot increase 
t(Pb...n) [recall that for any pure state t(pa) = t(pb...n)]- 
□ 

Theorem: Two pure states of a multipartite system 
are equivalent under SLOCC iff they are related by a 
local invertible operator. 

Proof: If 



= A ® B ® ... (g) N\ 



(37) 



then a local protocol exists for the parties to transform 
|^) into \4>) with a finite probability of success. Indeed, 
each party needs simply perform a local POVM including 
a normalized version of the corresponding local operator 
in ([37]). For instance, Alice has to apply a POVM defined 
by operators y/pXA and y/lA — PaA^A, where pa < 1 is 
a positive weight such that paA^A < 1a, and similarly 
for the rest of the parties. Then such a local protocol con- 
verts succesfully into \4>) with probability paPb ■■ -Pn ■ 
If, in addition, A, B, ...,N are invertible operators, then 
obviously 



B~ l <g) ... (g N~ 



(38) 



and the conversion can be reversed locally. Let us then 
move to prove the converse. We already argued (section 
II. A) that if \ip) can be converted into \<j>) by LOCC, then 
a local operator relate them. We want to prove now that 
equivalence of \ip) and \<j>) under SLOCC implies that 
this operator can always be chosen to be invertible. For 
simplicity, we will assume that l^) and \<j>) are related by 
a local operator acting non-trivially only in Alice's part, 



A® 1 



B...N] 



(39) 



and write the operator A as 



[The general case would correspond to composing opera- 
tor A(£)1b...n with operator 1a®B®1c...n, and similarly 
for the rest of the parties. The following argumentation 
should then be applied sequentially to each party individ- 
ually] We can then consider the Schmidt decomposition 
of the states with respect to part A and part B...N 







= Ev A f( c/ ^))N)> A " >0 ( 41 ) 



where the local unitary L/a relate the two local Schmidt 
basis in Alice's part, {|i)}™ =1 G Ha =(E n , \n) e H B ® 
... ® Wjvj and n>!/> = n because of the previous corollary. 
Now, operator A in equation ( |39| ) must be of the form (up 
to some irrelevant permutations in the Schmidt basis) 



A = U A (A 1 + A 2 ) 



i=l 




(42) 
(43) 



where are arbitrary unnormalized vectors. Notice 
that vectors play no role in equation (^) since A 2 ® 
ls...Ar|"0) = 0. Therefore we can redefine 



^ E iwi> 



(44) 



which implies that A is an invertible operator. □ 



APPENDIX B: r IS AN ENTANGLEMENT 
MONOTONE 

In this appendix, we show that the 3-tangle r is an en- 
tanglement monotone, i.e. decreasing on average under 
LOCC in all the three parties. We first note that any lo- 
cal protocol can be decomposed into POVM's such that 
only one party performs operations on the system. This, 
together with the invariance of the 3-tangle r under per- 
mutations of the parties, ensures that it is sufficient to 
consider a local POVM in A only. Furthermore, we can 
restrict ourselves to two-outcome POVM's due to the 
fact that a genarlized (local) POVM can be implemented 
by a sequence of two outcome POVM's. Let Ai,A 2 be 
the two POVM elements such that A\A\ + A\A 2 = 1- 
We can write Ai = UiDiV, where Ui, V are unitary ma- 
trices and Di are diagonal matrices with entries (a, b) 
[((1 — a 2 )2 , (1 — b 2 )i)] respectively. Note that we used 
the singular value decomposition for Ai, and we have 
that the restriction that A%,A 2 constitute a POVM im- 
mediately implies that the unitary operation V can be 
chosen to be the same in both cases. We consider an 
initial state with 3-tangle r(ip). Let \<pi) = Ai\ip) 
be the (unnormalized) states after the application of the 
POVM. Normalizing them, we obtain \<f>i) = \<fci)/*Jpl 
with pi = (<pi\(pi) and pi+p 2 = 1. We want to show that 



T 17 , < T] < 1 is, on average, always decreasing and thus 
an entanglement monotone, i.e for 



<r" >=pir"(0 1 )+p 2 r"(0 2 ) 
we have that 

< T 71 >< T^VO 



(45) 



(46) 



is fulfilled for all possible choices of the POVM {A 1 ,A 2 }. 
Using that r is invariant under local unitaries, we do 
not have to consider the unitary operations Ui in our 
calculations, i.e. r(UiDiVip) — r(DiVijj). Taking this 
simplification into account, a straightforward calculation 
shows that 



2l2 



■r{ip), t(0 2 ) 



(l-a 2 )(l-6 2 ) 



Pi 



t(V>), (47) 



where we used that T(e<fii) = e A T{<f>i), which can be 
checked by noting that r is a quartic function with re- 
spect to its coefficients in the standard basis p3]. Note 
that the dependence of r(</>i) on the unitary operation V 
is hidden in pi. For rj = 1/2, one obtains for example 
t?(4>i) = ab I 'piTi (ip) . Substituting in (Hq), we find 



< r* >= {ab+ v/(l-a 2 )(l-6 2 ))T%). 



(48) 



In this case, one can easily check that ( 48 ) < r 2 by noting 
that pq ) is maximized for a — b. We thus have that r 2 is, 
on average, always decreasing and thus an entanglement 
monotone. In a similar way, one can check for < rj < 1 
that T n is an entanglement monotone. However, for 77 ^ 
1/2, the derivation is a bit more involved due to the fact 
that in this case the propabilities pi in the expression for 
< t v > do no longer cancel and have to be calculated 
explicitly. 



APPENDIX C: \W) MAXIMIZES RESIDUAL 
BIPARTITE ENTANGLEMENT 

Here we show that for all tripartite pure states, except 
the state \W) the following inequality holds 



E T — C AB 



C 



AC 



c 



BC 



< 



(49) 



while the state \W) reaches the value E T = 4/3. Note 
that we used the shorthand notation Cab for the concur- 
rence of the reduced density operator pab,C{pab), an d 
similary for C A c£bc- 

Inequality (|4^) already implies that the state \ W) 
reaches the maximum average value E (ip) of Equ. ( [24] ) 
for the choice of £(p) = C(p) 2 , namely £(W) = 4/9. 

At the same time, inequality (^) also shows that the 
state \W) maximizes the function £ m i n (ip) ( ^5|) for the 
choice of £{p) — C(p) 2 , since (fl9|) implies that 



C 2 min (4>) = min(C 2 s ,C 2 c ,C| c ) < 4/9 



(50) 
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for all states except the state \W), for which the value 
4/9 is reached. From (|5(]) follows that for any bipartite 
measure of entanglement £(p) which is monotonically in- 
creasing with the square of the concurrence (and hence 
with the concurrence itself), the state \ W) maximizes the 
function £ m i n (^) (^5|), i.e. 



£ mi nW0 < SminfW) = £(C 2 = 4/9). 



(51) 



Assume that this is not the case, i.e. there exist a state 
ip for which £ m i n (ip) > £ m i n (W). Since by assumption 
£ is monotonically increasing with the concurrence, this 
would imply that C 2 lin (ip) > 4/9, which contradicts Equ. 
( |50l ) and is hence impossible. 

Note in addition that any good measure of entangle- 
ment should be a convex function ||, as C(p),Ef(p) and 
E2(p) are. This implies, when applied to (£4j) and fl25| ) 
that the optimal values for £ and £ m i n are achieved for 
pure states. 

Ther remainder of this appendix is devoted to prove 
inequality (pf9|). Using the definition of the 3-tangle, r = 
t~abc = Ca(bc) ~ ^ab ~~ ^ac ]Lt a ud the invariance 
of the 3-tangle under permutations of the parties, we can 
rewrite E T as 1/2{C 2 A(BC) +C% (AC) +C 2 C (AB) - 3r). Using 



that C 2 ^^ = 4detp K , we can evaluate E T for the different 
classes. 

Starting with the class A — B — C, we immeadetly ob- 
tain that E T {^ a-b-c) — 0- F° r the class A — BC, we 
have that r = and C A , BC ^ — 0. Since Cb(ac)^C(AB) — 
1, we have that E T (ty a-bc) < 1 in this case (and simi- 
lary for the classes B - AC, C - AB). 

Now we consider the class W, specified by equ. (20). 
Again, we have that r = 0. We find that E T (^w) = 
4(ab + ac + bc) (which does not depend on d). Notice that 
E T is maximized for a = b = c = 1/3 - which corresponds 
to the state \W) - and leads to E T — 4/3. For all other 
values of a, b, c, d, we have that E T < 4/3. 

Let us now turn to the class GHZ, specified in eq. (15). 
Using that t(*S>chz) is given in eq. (p^) and AetpA = 



K z 



-CpC 2 ) 



(and similary for det pb,c), we obtain 



E T 



s 2 a s 2 +s 2 s 2 ^ 



(1 



2csS8C a Cf3C 



(52) 



One readily checks that ( |52j ) is maximized for 5 = it /A 
and ip = 7r (which corresponds to c$ = sg = l/v2 and 
c v = —1), independent of the values of a, (3, 7 £ (0, n/2]. 
Thus we have that E T < E T (S = 7r/4, if = n) and after 
some algebra we obtain 



E T < 



(4 



+ c 2 ) - 2(c 2 a c 2 + c 2 a c 2 + c 2 c 2 ) + ic 2 a clc 2 



(1 + CaCpC^y 



(53) 



We want to show that the (rhs) of eq. pi < 4/3. Let us 



call x = c a ,y = cp, z 
have to show that 



c 7 with < x, y, z < 1. We thus 



f{x,y,z) 



3(x 2 +y 2 + z 2 ) - 6{x 2 y 2 + x 2 z 2 + y 2 z 2 ) 
+ 5(x 2 y 2 z 2 ) - 4 + 8xyz < (54) 



Let us calculate the maximum of f[x, y, z). We therefore 
take the derivatives of f(x,y,z) with respect to x,y,z 
respectively (which we denote by f x , f y , f z ) and set them 
to zero. One immeadetly observes (by considering linear 
combination of the resulting equations, e.g. xf x — yf y , 
where one e.g. obtains (x 2 — y 2 )(l — 2z 2 ) = 0), that 
for a maximum we must have x = y = z. The possible 
solutions of the resulting polynomial of degree 5 can be 
checked to lie outside the intervall [0, 1), i.e. outside the 
range of x, y, z except for x — y — z — 0. It can however 
be easily verified that this solution give rise to a minimum 
of f(x, y, z), namely /(0, 0, 0) = —4. Thus the maximum 
of f(x,y,z) is obtained at the border of the range for 
x, y, z, which corresponds to the surfaces of a cube. Due 
to the fact that f(x, y, z) is invariant under permutations 
of the variables, we only have to check two of the surfaces, 
e.g. the surfaces specified by x = and x = 1 (actually 
x = 1 — e, where e is an infinitesimally small positive 
number) and we find (i) /(0, x, y) = 3(y 2 + z 2 ) — 6y 2 z 2 — 
4 < — 1 (the maximum in this case is e.g. obtained for 
y = 0,z = 1 - e)) and (ii) f(l,y,z) = 8yz - 3(y 2 + 
z 2 ) — y 2 z 2 — 1 < 0. In (ii), it can be checked that a 
necessary condition for a maximum is y = z and that 
/(l, y, y) is monotonically increasing in [0, 1) and is thus 
maximized for y = z = (1 — e). One obtains f(x, y, z) < 
/(l, 1 — e, 1 — e) < as desired. 

So we managed to show that the state \W) is the only 
state which fulfills E T = 4/3, and for all other tripartite 
pure states we have that E T < 4/3. 
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TABLE I. Values of the local entropies Sa, Sb, Sc and the 
3-tangle r for the different classes 
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FIG. 1. Different local classes of tripartite pure states. The 
direction of the arrows indicate which non-invertible transfor- 
mations between classes are possible. 



12 



